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ABSTRACT

We consider the problem of lower bounding the Minkowski content of
subsets of a convex body with a log-concave probability measure, con-
ditioned on the set size. A bound is given in terms of diameter and set
size, which is sharp for all set sizes, dimensions, and norms. In the case
of uniform density a stronger theorem is shown which is also sharp.

1. Introduction

It is a classical result that among all surfaces in R® enclosing a fixed volume,
the sphere has minimal surface area, as measured by the Minkowski content u*.
A related extremal problem shows that half spaces minimize surface area for a
Gaussian distribution in R™ [3, 9].

One variation on these results is to consider surfaces of sets given a log-
concave distribution supported on a convex body K, i.e. a closed, bounded
convex set with non-empty interior. Recall that the Minkowski content u*(S) =
limy o+ u(Sh \ S)/h, where S), = {y € K : 3z € S,|ly — z|| < h} denotes the
set of points at most distance h from S as measured by some norm || -||. Norms
will be assumed to satisfy the property that Vc € Ryu € R : ||cul| = |¢|||u]|-

Our main result is the following.
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THEOREM 1.1: Let u be a log-concave probability measure supported on a
convex body K C R". For all measurable sets S C K with u(S) < 1/2 it
follows that

(1) (diamK)u™ (S) > p(S)GQ/u(S)),

where the diameter (diamK) is measured in some arbitrary norm || - ||, u*(S) is
the Minkowski content in that same norm, and G(1/1(S)) is given by G{2} = 2,
while for (S) < 1/2 then

e’
(2) G(1/u(S)) = DT
where v > 0 is the unique solution to
_e(y-1)+1

w(S) = L

If we are interested in an isoperimetric inequality involving the diameter of the
support of the measure, then for every z € (0,1/2], dimension n and norm
|| - ||, there exists a log-concave probability measure p supported on a convex
body K C R™, with a subset S C K such that u(S) = = and the isoperimetric
inequality (1) is an equality.

This extends theorems of Dyer and Frieze [5] and Lovész and Simonovits [8]
in which they did not condition on set size. Qur sharpness also shows that their
theorems are tight only when p(S) =1/2.

The main tool in our proof is the Localization Lemma of Lovdsz and
Simonovits, which makes it possible to reduce an n-dimensional integration
problem into a one-dimensional problem. A unique aspect of our method is
that we start with an unknown lower bound, given by G(1/x), proceed to dis-
cover which properties G(1/z) must have to apply Localization, and only at the
final step, after reducing this to a one-dimensional problem, do we determine the
function G(1/z). All other applications of Localization of which we are aware
begin with a conjectured lower bound and proceed to show it to be correct.
However, by not making any assumptions to begin with we are able to obtain a
sharp lower bound which would have been an unlikely initial candidate.

It does not appear possible to write the function G(1/z) in closed form.
However, in Corollary 3.1 we show that G(1/z) behaves like log(l/z),
and in particular 2 + log(1/2z) < G(1/z) < 2 + 2log(1/2z). It is
interesting to note that for graphs with a nice geometric structure, as with
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the grid [k]" (see Example 4.3), this suggests that a bound on cutset expansion
mingcy [Cut(S,V \ S)|/ min{|S],|V| -S|} and the edge-isoperimetry
ming|<q|v| |Cut(S,V \ §)|/|S| are likely to differ by a logarithmic factor of
about log(1/xz), where V' is the vertex set and Cut(A, B) is the set of edges
from set A to set B.

We are also able to apply our methods to the more specific case of the uniform
distribution. In Theorem 4.1 we give a bound which is again sharp for every
set size z, dimension n and norm || - ||. The main improvement is when z is
small, and in Corollary 4.2 it is shown that when z < 27" then G(1/z) for the
uniform distribution behaves like n/ /z. Example 4.3 shows that, at least for
the ¢s norm, the extremal cases on the hypercube [0,1]" are always within a
factor e & 2.7 of the extremal cases on general convex bodies.

In fact, in general, the extremal cases are relatively simple to state. In the
log-concave case with set size u(S), dimension n and diameter D fixed, then
the long thin cylinder K = [0, D] x [0,¢]""* with a one-dimensional exponential
distribution Vx = (z1,22,...,%,) € K : F(x) = €7%1 /"] fOD e"¥du contains a
subset S = [0, s] x [0,¢]" ! that is extremal as € — 0%, where 1y is from Theorem
1.1 and both s and v are independent of the dimension n. Likewise, when g is
uniform and volume pu(S), dimension n and diameter D are fixed, then there
is a truncated cone K with a subset S that is extremal (the slope of the cone
depends on the dimension n).

Since Theorem 1.1 is sharp, then all bounds of the form

(diamK)u*(S) > f((S))

will follow as corollaries. For instance,

(diamK)u* (S) > p(S)(1 ~ u(S)) (4+1og m)

strengthens a result of Kannan, Lovész and Montenegro [6]. A different weak-
ening leads to a Gaussian isoperimetric function,

(diamK)pt(S) > V2rI,(u(S)),

where 1(S) < 1/2 and L,(z) is the Gaussian isoperimetric function (see equation
(10)).

We note that other authors (e.g. [1, 7]) have proven related results in which
quantities measuring the well-roundedness of K were fixed, rather than the
diameter D, but their results appear to be tight only in asymptotics and not
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when conditioned on dimensions and volumes u(S) as is the case here. For
instance, Bobkov [1] used a Prékopa-Leindler inequality to obtain a related
result.

THEOREM 1.2: For every locally Lipschitz function f on R™ with values in [0, 1],
for every symmetric bounded convex set B C R and xp € R,

2 / IV £ (@) |5+ di(z) > Bnt,(£) + Bnt, (1 - f) +log u({z : llz — moll5 < 1}).

In particular, when B = rC for C the symmetric convex unit ball of (R™, ||-]]),
and f is an appropriate Lipschitz approximation of the indicator function on a
measurable set S C R", then for every zg € R*® and every r > 0,

20" (5) > (S) log —= + (1 — u(S)) log ﬁ(— +logu({z |1z - zo]| < ).

p(S) 5)
This is not directly comparable with our result because it considers shape (via
r) as well as set size p(S). However, if r is half the diameter then this becomes

) — 1 1
(diamK)p™ (S) > p(S) log oM (1= pu(S))log =46y
and our result is stronger. Of course, 7 can be chosen more carefully, in which
case the bounds are not comparable.
The paper proceeds as follows. In Section 2 we prove Theorem 1.1. Section 3
proves various bounds on the quantity G(1/z). We conclude with the uniform
distribution in Section 4.

2. The proof

Before proving Theorem 1.1 we require a few definitions and a lemma.

Recall that a function f: R® — RT is log-concave if Vz,y € R*,t € [0,1]:
fitz + (1 —t)y] > f(@) Fy)~t, ie., log f is a concave function on the support
of f. In particular, non-negative concave functions are log-concave.

A measure p is log-concave if for every compact A, B C R" : u(tA+(1-t)B) >
p#(A)tu(B)1~t. Borell [4] showed that log-concave measures are induced by log-
concave functions, so that p is log-concave if and only if there is a log-concave
function F' such that for every measurable S C R : u(S) = [¢ F(z)dz.

A lower semi-continuous function is one which is a limit of a monotone increas-
ing sequence of continuous functions: for example, the characteristic function
of an open set, or the negative of the characteristic function of a closed set.
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The lemma, below is due to Lovész and Simonovits [8]. It says that if a pair
of integral inequalities hold in n dimensions then they also hold on an infinitely
thin cone, a so-called “needle”. This makes it possible to reduce n-dimensional
problems to one-dimensional ones.

LEMMA 2.1 (Localization Lemma): Let g and h be lower semi-continuous
Lebesgue integrable functions on R™ such that

/ g(x)dz >0 and h(z)dz > 0.

n R®

Then there exist two points a,b € R and a linear function ¢: [0,1] — Rt such
that

/1 ()" g((1 —t)a +tb)dt >0 and /1 £(t)"h((1 - t)a + tb)dt > 0.
0 0

The proof of Theorem 1.1 will proceed in three steps. First, Localization
is used to show that if an n-dimensional counterexample exists then a one-
dimensional counterexample also exists. Next, it is shown that the one-
dimensional result holds if it holds for a small class of one-dimensional problems.
We finish by determining the extreme cases of this simplified form.

THEOREM 2.2: Let G: [2,00) = RT be a function such that G(z) and xG(1/z)
are non-decreasing. Then

d—

@ B 2 minu(sy), w(:)}6(

p(K \ B) )
min{u(S1), u(S2)}

holds for every n-dimensional log-concave measure j with compact support
K C R®, partition K = S; U BU S, into disjoint measurable sets, and scalars
t < dist(S1,S2) = infres, yes, |[r—yll and d > diamK = sup, g |iz—yl| both
relative to some norm || - ||, if and only if it holds whenever K is the interval
[0,1] C R with the Euclidean norm ||z — y|| = |x — y| and B is a closed set.

Remark 1: The dependence on B in the lower bound can be removed by re-
placing d —t with d and K \ B with K. However, this leads to a slightly weaker
result which no longer extends results of [8] in terms of ¢.

Remark 2: Tt will be shown that G(z) from Theorem 1.1 will satisfy the one-
dimensional conditions of Theorem 2.2. Setting B = S; \ S and taking t — 0T
in equation (3) then gives Theorem 1.1.

Proof: The only if condition is necessary as the one-dimensional problem is
just a case of the general problem. It remains to show the converse.
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Assume a contradiction, i.e. equation (3) always holds for the one-dimensional
problem but there is an n-dimensional example with

d—t u(B) min{u(S1), u(S2)} ( u(K \ B) )
t u(K\B) u(K \ B) min{p(S1), u(S2)}/”

If S; and S5 are increased by an e distance, with B = K\ ($1US;) and t « t—2¢
decreasing accordingly, then this still gives a counterexample for e sufficiently

4)

small. Therefore it can be assumed that S; and S are open and B is closed.

To reduce this to a one-dimensional problem first let F' denote the density of
1, that is let F be the log-concave function such that u(4) = [, F(r)dz, and
let

9(z) = F(z)(axs, (z) — xp(z)) where a = pu(B)/u(S51)
and

h(z) = F(z)(Bxs,(z) — xB(x)) where 8 = u(B)/u(S2),

where xg is the characteristic function of set S. The conditions [g., g(z)dz > 0
and [, h(z)dz > 0 both reduce to pu(B) — u(B) > 0, which is clearly valid.

The Localization Lemma implies that there exist a,b € K" and ¢: [0,1] - Rt
such that fol f(u)"1g((1—u)a+ub)du > 0 and fol ((u)" h((1-u)a+ub)du > 0.

To put these in the language of a one-dimensional problem, define a one-
dimensional measure » on K’ = [0,1] by v(A) = [, F((1 — u)a + ub)f(u)" " du.
This measure is induced by the function F((1 — u)a + ub)f(u)"~1, which is
log-concave as

log(F((1 — u)a + ub)f(u)™ ) = log F((1 — u)a + ub) + (n — 1) log £(u)

and both terms in the sum are concave, F because it is log-concave and log £{u)
because the log of a linear function is concave. Let

Si={uel0,1]: (1 -wa+ube S},

with S and B’ defined similarly. Then the conditions

/1 2u)" g((1 — u)a +ub)du >0 and /1 £(u)"Th((1 — w)a + ub)du > 0
0 0

are equivalent to

(S V(S _ u(Sy)
/B2 uB) ™ VB 2 u®B)

()
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Without loss assume that u(S;) < u(S2) and v(S]) < v(S3). Given the
conditions of equation (5) it follows that v(B')/v(K'\ B') < u(B)/u(K \ B).
If u(S;)/u(K \ B) <v(S;)/v(K'\ B') then equation (4) holds for the measure
v as well, because zG(1/z) is non-decreasing. However, suppose instead that
w(K \ B)/u(S1) < v(K'\ B')/v(S}). Then equation (5) shows u(S1)/u(B) <
v(S})/v(B'), and since G(z) is non-decreasing it follows that

d=t _ p(S) (K \B)\ _ (S} (v(K'\B)
~ <) it ey )

and hence equation (4) still holds for » in this case as well. In general, equation
(4) holds for measure v with K’ = [0,1] and sets S, S5, and B'.

The norm || - || on R" induces a norm on K’ = {0,1] by Vu,v € [0,1] :
llu = vl = (1 —w)a +ub) — (1 = v)a+vb)||. Then D =sup, yex Iz —ylli <
sup, yei 12— yll < d and T = infresy yesy |2 — ylli > infoes, yes. lz—yll 2 8,
and so (d — t)/t > (D ~T)/T. However, all norms on a segment are equivalent

up to a constant factor; these constants cancel out when taking (D —T)/T, so
it can be assumed that the norm on K’ is standard Euclidean norm on R.

Combining the previous two paragraphs gives a contradiction to the assump-
tion that there are no one-dimensional counterexamples with K’ = [0,1], B a
closed set and the Euclidean norm. |

The general one-dimensional problem will now be reduced to an easier prob-
lem.

THEOREM 2.3: Let G: [2,00) = RY be a function such that G(z) and zG(1/z)
are non-decreasing. Then

(6) u(B) > min{u(sn»u<52)}G(min{lL((I§3,iisz>})

holds for every log-concave measure y on K = [0, 1], partition K = S UBU S,
into disjoint measurable sets with B a closed set, and scalar t < dist(S1,S2) =

infyes, yes, |z — yl, if and only if it holds for every exponential measure u(S) =
[ €du and every partition K = S; UBU S, with S1 = [0,s), B = [5,5 + {]
and S = (s +t,1).

Proof: The only if condition is necessary as this is just a case of the general
problem. It remains to show the converse. Some calculations will be easier if G
is extended to domain (0,00) by letting G(z) = G(2) when z < 2. Then G(z)
and zG(1/z) are still non-decreasing for « € (0, 00).
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Suppose S; =[0,s), B = [s,s +1], S; = (s +1,1] and that equation (6) holds
for exponential measures. Given an arbitrary log-concave measure p, denote its
(log-concave) density by F\, so that u(A4) = [, F(u)du. Then let h(u) = a +yu
be the line passing through the points (s,logF(s)) and (s + ¢,logF (s + 1)), and
define F(u) = ¥ with v(4) = [, F(u)du being the measure induced by F.
Concavity of logF implies that F(u) < F(u) when u € B and F(u) > F(u)
when u € S USs, and so v(B) < u(B), v(S1) > u(S1), v(S2) > u(S2) and
v(K \ B) > u(K \ B). But then

1-—-1¢
TH(B) >

1-t¢
t

> v(K \ B)

v(B)
min{»(S1),v(S2)} ( v(K \ B) )
v(K \ B) min{v(S1),v(S:2)}
Y min{u(S51), pu(S2)} v(K \ B)
> WK\ B) = s =6 (i o))

> min{u(S1), u(S2)}G ( min{l:t((IES 1252)} )

where the second inequality is due to the assumption that equation (6) holds for
exponential measures (such as v), the third inequality follows because zG(1/x)
is non-decreasing, and the final inequality is because G(z) is non-decreasing.
Then equation (6) holds for y as well.

Given a general partition K = S; U BU S; we use a trick of Lovéasz and
Simonovits [8]. Assume equation (6) holds when each set is a single interval, as
dealt with in the previous paragraph. Let [r,s] C B be the leftmost maximal
interval in B. If u([0,7)) > u((s,1]), then S; C (s,1] or Sy C (s,1] and the
result then follows from

d—t d—t
- > 7
; wB) > ;

> min{u(51),ﬂ(52)}G(

ullrysh) 2 pl(s, 1)G (&(W>

p(K \ B) )
min{u(S1), p(S2)}/°

Likewise, the result follows if u((s, 1]) > u([0,7)) when [r, s] C B is the rightmost
maximal interval in B. Otherwise, consider the consecutive maximal intervals
[r, s] and [u,v] of B such that u([0,7)) < w((s,1]) but u([0,u)) > u({v,1]). Then
S1 C[0,7)U (v,1} or Sg C [0,7) U (v, 1]; without loss assume S;. By the single
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interval case then
1-t¢ oy A0.7) (N [, 8])
o)) 2 w(E\ [ o) e 6 ( e )
0.5 WK\ )
p(E \ [r, s]) w([0,7) N S1)

> u([0,7) N 51)0(%)

because G(x) and G(1/z) are non-decreasing. Likewise,

-t uw(K \ B)
——wu(lu,o]) > (v, 110 Sl)G(T(s:r)'

2 (K \[r,s])

Adding these expressions together gives

S uB) > = () + o))
u(K\ B)

> MSI)G(W).

If 11(S1) < u(Ss) then equation (6) follows, while if x(S7) > u(Ss) then

pE\NB)Y _ o #(S1) u(K \ B)
M(Sl)G(_) = p(K \B)mG( 1(S) )

,U(Sl)
o w(S) . u(K\ B)
> wk\B) 51 sy )
_ p(K \ B)
—u(Sz)G(—‘—N(SQ) )

and equation (6) still holds. |

275

We now find the optimal G{z) for the simplified one-dimensional problem,

which leads to the optimal function G(z) in Theorem 2.2 as well.

THEOREM 2.4: Consider a partition of the space K = [0,1] C R into three
intervals, S; = [0,s), B = [s,s + t] and Sz = (s +t,1], and a measure u(S) =

e*¥dy for some fixed a € R for every measurable S C [0,1]. Then,
s

1-t u(B) min{u(S1), u(S2)} MK\ B)
i AV: 7 av- e Gy sy,

where G: [2,00) — R is defined by G(2) = 2 and

2,7 T(v—1 1
e where g = S~V +1

8) Vy>0:G(1/x) = m (e7 — 1)2

€ (0,1/2).
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Moreover, the function G(1/z) is the best possible at every value of z.
Proof: If « =0 then u(B) =t and u(K \ B) =1—1t, so

1-t u(B)
- —— _=1= sup zG(1/z
t p(K\B) ZE(O,II)/2] (1/2)

and the bound follows. If @ < 0 then reverse orientation and consider the
interval [1,0], which reduces the problem to the case a > 0. Also, if p(S2) <
1(S1) then observe that the same value z = p(S2)/u(K \ B) € (0,1/2] can
also be obtained by intervals S| = [0,s'), B’ = [s' + 1], S5 = (s’ +¢,1] with
u(Sl) < p(S%) and z = p(Sy)/u(K \ B'). But then s’ < s, and hence u(B') =
I Featgs < fs+t e®tdt = u(B) as a > 0, and so

8

1-t w(B) 1-t_ u(B)
t wK\B) =t u(K\B)

It follows that in order to minimize %7‘%@; it suffices to consider the case
1(S1) < u(S2) and a > 0.
Begin by eliminating the variable s. Let

p8) _  p(09) s — 1
WE\B) ~ p(0,s) U(s+1,1]) e ~14ex — ex(s+t)

and solve for e*° to obtain

as _ 1+ z{e*—1)
T 14 az(ent ~1)
But then
1—t u(B) 1—te*—1
- B 1 a_q1y)—= — -
9 T WK\ B) (1+z(e )) e et >t oy

where the inequality follows from setting D = e® in Lemma 2.5. Now, minimize
over all @ > 0:

0 e’ e —1— ae®

éE(ax+ea—1) R PP
When o > 0, this is increasing in « and so the value & = v > 0 where 9/0a =0
is an absolute minimum, that is, the minimum occurs at the solution to

_e(y-1)+1
= oo €(0,1/2).
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A solution v always exists because the fraction on the right is a bijection from
v € Ry to z € (0,1/2). Substituting o = v into equation (9) it follows that

2,7
- Y oo__ 7€
xG(l/x)—7x+e,Y_1 GRS

is a choice of G(1/z) for which equation (7) holds.
In fact, this choice is optimal. Given z € (0,1/2) consider the measure
u(S) = [ €7 du for 7 as in the theorem, and let Sy = [0, s) be such that

,u(Sl) — fos e’ du
WK\B) [ +fsl+t evdu

Repeating this for ¢ — 01 makes equation {9) an equality, and so this choice of
G is sharp at all values of z € (0,1/2). ]

LEMMA 2.5: If D > 1 and t > 0 then

1-t Dt -1 S log D
t D-Dt" D-1

with the inequality becoming an equality in the limit as t — 0%

Proof: Let D = ¢7 for some v > 0. Cross multiplying and simplifying, it
suffices to show

(1—t)(e™ —1)(e" —1) — yt(e” — ™) > 0.

Plugging in the Taylor series for e® into the left side and factoring out ¢ or
1 — t factors gives

o fo o)
A2 7* _ k+1
LHS = +*t(1 - Zo(k+1'zgk+1 7tz( — th+1)
o0 k i o] k
=102 o z<k .Zf]
k=0 =0 =0
0 k k+2) 1

— ’)’2t(1 ’}’k tz i+1 _ > 0’
kz:% ; [k+2 (k+1)!]

where the inequality uses that (kH) =k+2forie {0k} and (’”"’2) >k+2
forie{1,...,k—-1}.
The limiting case follows easily from L’Hopital’s Rule. 1
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Remark 3: The quantity v in Theorem 2.4 can be interpreted as the slope of
zG(1/z) because

d d 2" 1rdey-!
— 1 = || =
O/l =5 [(ev—l)Z][dfy]
(27e" +y%e¥) (&7 —1)% —~2e7 27 {7 —1)
_ (e7-1)2
T (e (y=1)){(e? —1)2—(e7 (y—1)+1)2e7 (7 ~1)
G

=7.

Remark 4: Recall the example of sharpness from the introduction. When z =
1/2 then 4 = 0 and F' = 1 is the uniform distribution, with sharpness when S, is
half the cylinder, i.e. S; = [0,1/2] x [0,€]* 1. This is the same as the sharpness
result for Dyer and Frieze’s [5] version of Theorem 1.1 that does not condition
on p(S). Similarly, when p(S)/u(K \ B) = } and t > 0 in Theorem 2.2 then
F=1and S =[0,15%) x[0,e]"", B = [15%, 2] x [0,€¢]"" is sharp. This was
the sharp case for Lovasz and Slmonov1ts [8]. Hence our bounds match those of
both pairs of authors at set size 1/2 and are strictly better on smaller sets.

3. Bounding G{(z)

Theorem 1.1 gives an optimal bound, but it seems impossible to write G(z) in
closed form. We give here a few upper and lower bounds which show that G(x)
is essentially logarithmic in z.

COROLLARY 3.1: Ifz € (0,1/2], then

2z(1 — x) (2 + log 4—:10?1—1—__—;5> >zG(1/z) > z(1 — x) <4+ log m),
22(1 + log(1/2z)) > zG(1/z) > x(2 + log(1/2z)),

and has limit

G(1/x) =20t
log(1/z)

The first lower bound is a stronger form of a result of Kannan, Lovész and
Montenegro [6]. Computer plots show that the absolute error is no more than
0.0051, or at most 0.51% of the [0, 1] range of G(1/z), and the relative error
is no more than 7%.

Another lower bound of interest is

(diamK)u*(S) > V2rL,(u
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where I,{z) is the so-called Gaussian isoperimetric function

-1
(10) Iy(z) = po & (2),

where
1

2 1 t 2
t)= —=et/2 and (¢ :—/ eV /2dy,
olt) = 7= =] Py
which makes its appearance in many isoperimetric results, such as Bobkov’s [1].
This lower bound is weaker than the first one in the corollary and so we do not
prove it here.

Proof: The first upper bound follows from the second one because log(1/2z) <
1-2z+ (1 —z)log(1/4z(1 — z)) when x € (0,1/2]. Likewise, the second lower
bound follows from the first because 2 —4z+ (1 —z) log(1/4x(1—z)) > log(1/2x)
when z € (0,1/2].

The first lower bound is equivalent to the inequality

yre¥ 1 1
(1) (" —12z(1—x) (4+10g(4x(1—x))> 20
where
_e(y-1)+1
GV

This inequality holds at v — 0% (x = 1/2), and so in order to show that (11)
is non-negative it suffices to show that %(Eqn.ll) > 0, or equivalently that
the sign of the derivative is never negative. Multiplying the derivative by a
positive function does not affect its sign, so positive factors can be canceled out
of the derivative before checking its sign. This differentiation and cancellation
of terms can be performed repeatedly; if the final expression is non-negative,
and if after each intermediate derivative the value at v — 01 was non-negative,
then it follows that (11) holds.
Now,

d4[“7d2[_7d4[_7d

d_"}z € W € W e %
(e"(y—1) +1)%e"~ (v+1))2(e?-1) d ~ .
| =2+ (1 +2) 3 Ean10] ||| = 12967

It can be verified that each intermediate derivative was non-negative as y — 07,
and 1296¢” is trivially non-negative, so equation (11) follows by the earlier
remarks.
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To prove the second upper bound let

_e(y-1)+1

T ey

for v > 0.

Then

2dr d y2eY
Tzdy dyer(y-1)+1
_ee(y—2)+ (v +2))?

(&7 = 1)(e"(y 1) +1)2
>0

%[2(1 + log(1/22)) - G(1/x)] =

where the inequality is because v > 0. It follows that 2z(1 + log(1/2z)) >
zG(1/x).
For the limiting case

26'7
G(l/l‘) _ lm e‘Yify—li-}.l _1 .

sot 10g(1/a) ~ =0 In((E=HT)

4. The uniform distribution

When the distribution F is uniform over K then the results from the previous
sections can be strengthened slightly. The proof is similar, but without the re-
duction from log-concavity to e”®. Instead, the extremal cases will be truncated
cones {x : || < z2,%3...,2n > || < 1+ &1}, which leads to a more tedious
computation.

THEOREM 4.1: Theorem 1.1 holds for the uniform distribution, but with
optimal G(1/z) in dimension 1 given by zG(1/x) = 1, and in dimension n > 1
given by G(2) =2 and

2G(1/z) = — 12 [(1 +7)" 1yl = 1)]1—1/n

Y 0:
v> A+ -1l @G+t -1

where

@)y -1) - 1]+1
T oA — 1 € &2

How much of an improvement does this give over the log-concave result? By
fixing a constant 4 > 0 and setting v = §/n, then as n = oo the bound in
Theorem 4.1 converges to that of the dimension-free Theorem 1.1, just with ¥

in place of ~.
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For finite n the main difference is for small values of z. In particular, the
limiting cases in Corollaries 3.1 and 4.2 (see below) reveal that when n is fixed
and z — 0% then G(1/z) for the log-concave case is infinitely smaller than for
the uniform case. Therefore the log-concave bound is not a good approximation
of the uniform result on small subsets, although the following corollary does
show that it is a good approximation when x > 27",

COROLLARY 4.2: In Theorem 4.1 the quantity G(1/z) is bounded by

n 1 n
> > - h <2™"
%WG(I/x)_Q% when z < ,

2logy(1/x) > G(1/x) > 2+ log(1/22) whenz > 277",

and has limit

G(1/z) g0t
/e — 1.

Proof: For the first upper bound consider an n-dimensional unit hypercube
K =[0,1]", with s, norm and subcube S = [0,2'/*]" embedded in the corner.
Then pt(S) = nz' /", u(S) = & and diamK = 1. Therefore,

. pt(S) n
G(1/z) < (diamK) S "_\/5

For the second upper bound again consider the unit hypercube [0,1)" with
£+ norm, but this time consider the k-dimensional subcubes

S =1[0,z'*F x [0,1]"F, for1<k<n.

Then u(S) = z, p+(S) = kz'~'/* and minimizing over & implies that G(1/z) <
(diamK)p* (S)/p(S) = mimi<pen k/¥z. But k/¥z < 2logy(l/z) when
z € (2-*+D 2-*] and so G(1/7) < minj<kcn k/ /T < 2logy(1/7).

When n =1 then the first lower bound is trivial.

When n > 1 then

Z’G(l/;g) Z nn - 1[&/"((1 +7)n _ 1)]l—l/n

_om
(1+7)

Bpt=tn i ¥>1

>
— 2

The formula for z is monotone decreasing in v, so this implies the lower bound
when
2" n-2)+1 2" n-2) n-2

T < Ty=1 Wwhere £, = 21T -1)(2» - 1) > gn-ign  — on
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Then z.,=; >1/2" for n > 3, and when n = 2 then z.,—; = 1/3 > 1/2" again.
The second lower bound follows from Section 3, as the lower bound for the

uniform problem is certainly no smaller than that for the general log-concave.
For the limiting case,

n-—-1 _yil—i/=n
lim G(1/z) = lim m W%(II:%)"J%EZ—B]_1]+1
LA o [T - 1[A47)" -1
z—0 n/ﬁ Y—00 n\/[gl+%)"‘ff'y(1£(—l)1lﬁ—ll
n—1 — 1-1/
= lim v { (1+?) y(n —1) } n
v=o0 3/(T+y)r =1 {1+ 7" y(n-1) - 1] +1

=1 [ |

It is illustrative to compare these bounds to something that is known exactly.

Example 4.3: Given the n-dimensional hypercube [0, 1]™ with uniform distri-
bution F' = 1 and £, norm, consider S C K with faces parallel to the surfaces.
Bollobds and Leader [2] studied surfaces of minimal surface area for this problem
and found that the extremal sets for fixed z are just the k-dimensional subcubes
that were used to determine the upper bounds in Corollary 4.2, i.e.,

: N . k

(12) (diamK)u™(S) > pu(S) e iin S

Simple calculus shows that k/{/z > elog(1/x), with equality at x = e~*. There-
fore, (diamK)pt(S) > eu(S)log(1/u(S)), which shows that the best logarith-
mic approximation to (12} is only a factor e larger than the general lower bound
of Corollary 4.2. Likewise, the upper bound in the corollary is an upper bound
to (12) because it was found by fixing k over certain intervals.

Bollobas and Leader solved the hypercube problem in order to find an edge-
isoperimetric inequality on the grid [k]*. The bounds of Corollary 4.2 show
that in graphs with a nice geometric structure, such as [k]", then the cutset
expansion and the edge-isoperimetry are likely to differ by a logarithmic factor
of inverse set, size, as mentioned in the introduction.

5. Remarks

The diameter is often a poor measure of the size of a convex body. For instance,
the diameter of [0,1]" in the standard Euclidean £, norm is v/n, whereas the
average distance of a point from the center is much smaller. It would be nice
if the methods of this paper could be used to allow conditioning on set sizes in
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results using measures other than diameter, such as in the theorem of Kannan,
Lovész and Simonovits [7],

( [1e- wolu(dx)>u+(5) > (log 2)u(S)(1 - u(S))

for probability measure . The quantity [ |z — zo|p(dz) measures the average
radius of the convex body (or probability distribution) centered at zo, and
replaces the diameter in this paper. A sharp result conditioned on set size
would read something like

( [ 1= xom(d:c))u*(S) > W(S)F(/u(S).

However, a problem arises when trying to apply our ideas to this form because
the average radius, [ |z — zo|u(dz), may increase when the reduction is made
to a one-dimensional problem. This contrasts to the diameter, which is non-
increasing. Therefore, it is necessary to “waste” an inequality in the Localization
Lemma to hold down this average radius, while two more inequalities would be
needed to find F(1/u(S)). Since Localization only allows for two inequalities
then our method fails here.
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